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Fig. 1 Optimum thrust acceleration programs for escape from
satellite orbit

where

a VT in]
For the case where VT is specified and ST is arbitrary, ar

= 0 (1) and, as indicated by Eqs. [9] and [11], K = 0; with
ST specified and VT arbitrary, on the other hand, ay = 0 (1)
and K = oo. For the problem of earth-escape, representative
values of K can be obtained by assuming that, as a first ap-
proximation, a is constant and equal to #o along the entire
trajectory. Under this assumption the low thrust rocket
trajectory data of Ref. 2 can be used directly, giving
<t>T = 39° at the instant when the vehicle velocity is equal to
the local parabolic velocity. At burnout, therefore,

(dU/ds)T ^ -0*Ar2) sin 39 c

whereas the burnout velocity is given by

VT =

[12]

[13]

The initial tangential component of gravitational force per
unit mass is 2a0, whereas at burnout this component is
approximately OQ (2). The range As is approximately V0 T/2,
and VQ is simply (<p/V0)ll 2. From the definition of a, therefore,

Finally, from Ref. 2

and

a° 1/2

The combination of Eqs. [11-16] results in
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where the quantity in parentheses in the denominator of the
right-hand side represents the ratio of thrust to weight in the
initial ̂ satellite orbit. The value of aT is obtained by com-

bining Eqs. [14] and [15], giving aT = (2)1/2 regardless of the
initial thrust-to-weight ratio.3

Eq. [10] has been plotted in Fig. 1 for aT = (2)1/2 and for
values of Oor0

2//x varying from 10 ~5 to 10 "^ The correspond-
ing values of K were obtained from Eq. [17]. Also shown in
Fig. 1 are curves of a(t) for K = 0 and for K = oo. It can be
seen that, with initial thrust-to-weight ratios of 10 ~5 and
10~4, thrust programs for escape with minimum propellant
utilization approach the optimum thrust program for specified
range and arbitrary final velocity (K = «>). With larger
initial thrust-to-weight ratios, however, optimum thrust pro-
grams for escape tend toward the optimum curve for specified
final velocity and arbitrary range (K = 0). Regardless of the
initial thrust-to-weight ratio, the departure of the optimum
earth-escape thrust program from that of constant thrust per
unit mass is considerable.
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Electrical Discharge Across a Supersonic
Jet of Plasma in Transverse Magnetic

Field1
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Observations have been made of the discharge be-
tween two electrodes placed across a supersonic
stream of ionized gas. A magnetic field transverse
to both the flow direction and the electrode axes was
applied. In this note, visual observations of the be-
havior of the discharge with and without magnetic
fields will be described, and qualitative explanations
of the observed iphenomena will be proposed.

THE experiments described were performed with water-
cooled copper electrodes in contact with the cooler outer

sheath of a free jet of argon plasma produced by a commercial
arcjet (Plasmadyne M-4). Argon gas at a flow rate of 1.36 X
10 ~3 kg/sec was heated to an average stagnation enthalpy Qf
the order of 8 X 106 j/kg. The plasma entered the region be-
tween the electrodes at a velocity of approximately 3 X 104

m/sec and a Mach number of approximately 2.5. The elec-
trode cross-sectional area was 6.45 X 10~4 m2, and the elec-
trode gap (i.e., the separation between the two electrode sur^
faces) was 3.8 X 10~2 m. Further details of the apparatus *
are given elsewhere (1-3).4

The contact of the electrodes with the plasma stream at the
operating pressures of from 2 to 4 mm Hg generated weak,
oblique shock patterns that were faintly but distinctly visible
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Fig. 1 Schematic of main features of con-
tinuous stable discharge across a supersonic
jet of plasma in a transverse magnetic field.
The magnetic field is perpendicular to the
plane of the figure and directed towards the
reader, a) Free jet of plasma flowing between
electrodes, b) Same with electric current on,
no magnetic field; region 1, large number of
random simultaneous sparks on copper
cathode surface; region 2, intense green
glow; region 3, intense white glow, c) Same
as Fig. Ib but with magnetic field on (B
> 2000 gauss); region 1, sparks disappear
(B > 500 gauss); region 2, green glow dis-
appears (B > 500 gauss); region 3, intense
white glow spreads upstream on anode sur-
face and down trailing side of anode; region
4, flow pattern may feed some ambient gas
into magnetic field region, d) Same as Fig.
Ic but with insulator surrounding electrodes;
region 3 essentially unaltered; region 4,
insulator, when intact, prevents feeding of
discharge by ambient gas; but, region 5,

insulator burns

-LESS LUMINOUS SHEATH

b)

•. REGION 3

C)

in the luminous jet. The electrode gap was centered between
the 3-in.-diam poles of an electromagnet that provided a field
transverse to the flow direction and to the electric field sup-
plied by the electrodes. The pole piece of one of the magnet
coils was removed to provide an observation port into the
accelerator. This produced an asymmetrical magnetic field
that varied in a typical situation from 2300 gauss at the side
of the channel near the remaining pole piece to 1400 gauss at
the side near the coil from which the pole had been removed.
The applied electrical potential varied from approximately 25
v at an applied magnetic field of B = 0 gauss to approxi-
mately 100 v at B « 2000 gauss while the current through the
gas was maintained constant at several hundred amperes
(1-3). All observations and performance data were qualita-
tively similar to those obtained with a symmetrical field of
strength equal to that found along the center-line of the asym-
metrical field (2). No noticeable horizontal deflection of the
exhaust jet from the centerline of the channel was produced
by the asymmetrical magnetic field.

The phenomena observed are pictured schematically in
Fig. 1. Fig. la shows the stream of plasma from the arc jet
passing through the accelerator section when neither electric
nor magnetic fields are applied. The central core of the flow
was highly luminous. Its color varied from white at the
center to pink farther out and finally to deep purple in the
outermost visible sheath. Application of a magnetic field
alone, transverse to the flow, decelerated the plasma and
generated currents that flowed either through an external
load resistance connected to the electrodes or through closed
loops within the plasma itself when the electrodes were not
connected externally. The deceleration of the supersonic
stream by the application of only the magnetic field caused
a sizable contraction in the cross-sectional area of the super-
sonic jet.

Passing a current of several hundred amperes from an ex-
ternal source between the electrodes when no magnetic field
was applied produced the situation sketched in Fig; Ib. The
prominent features were; as; follows: 1) ^L multitude of simul-
taneous, random sparks appeared on the surface of the cathode

(region 1 in Fig. Ib). 2) A bright green luminosity was ob-
served over the surface of the cathode and downstream of the
cathode, making the upper part of the exhaust plume green
(region 2 in Fig. Ib) while the lower part was pink-violet.
This coloration persisted until the exhaust cooled off several
feet downstream of the electrode gap. The green luminosity
was similar to that of a copper flame test. The thickness of
region 2 over the cathode is exaggerated in Fig. Ib. 3) A very
intense, white luminosity emanated from the plasma at the
trailing edge of the anode (region 3 in Fig. Ib), and a narrow
region of almost similar intensity extended in an arc from the
leading edge of the cathode until it almost reached the
luminous region at the trailing edge of the anode.

When the applied magnetic field was increased from zero
while the electric current was flowing, the following events
occurred: 1) As the magnetic field strength increased, the
random simultaneous sparks on the cathode surface became
less frequent and less distinct and disappeared completely at
approximately 500 gauss (0.05 weber/m2). 2) The green
luminosity emanating from the cathode also decreased and
completely disappeared at magnetic field strengths above
about 500 gauss. 3) As the magnetic field increased, the ex-
haust plume deflected upward by an amount that increased
with field strength. The deflection at 500 gauss and an ac-
celerator current of 400 amp was less than 5°. 4) The intense
white glow at the trailing edge of the anode spread upstream
on the top surface and down the trailing side of the anode
(region 3 in Fig. Ic). At the same time, the region of intense
luminosity which extended from the leading edge of the
cathode became slightly thicker when the magnetic field was
increased but was otherwise unchanged. 5) The flow pattern
downstream of the anode (region 4 in Fig. Ic) seemed to feed
some ambient gas into the discharge within the region of in-
fluence of the magnetic field.

The situation shown schematically in Fig. Id is found to
occur when the flow is confined and the downstream sides of
the electrodes are covered with insulating materials (2). The
insulator downstream of the anode, when intact, prevents
feeding of the discharge by ambient gas. However, it spalls
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from thermal stress and/or ablates (region 5 in Fig. Id). The
discharge is otherwise essentially the same as in the unconfined
channel.

The random sparking that occurs at the cathode surface in
the absence of the applied magnetic field is most likely due to
sputtering associated with the bombardment of the cathode
by energetic ions. Sputtering erodes the copper cathode and
would account for the green coloration, characteristic of
copper, which is observed in the cathode wake. The applied
magnetic field diminishes the frequency and intensity of the
random sparking on the cathode and the luminosity of the
copper-green wake that trails from the cathode and causes
both effects to disappear at fields of more than 500 gauss.
Erosion of the cathode also effectively stops at 500 gauss. A
possible reason for this is that the number of energetic ions
that strike a given spot of the cathode surface is reduced with
increasing magnetic field.

Since the maximum energy of the ions in these experiments
cannot be much in excess of 25 to 100 ev, the random multiple
sparks probably do not arise from the collision of single, very
high energy ions with the cathode surface but are probably
the result of a local collapse of positive space charge column (s)
on the cathode. Each collapsing column consists of many
ions of moderate energy (from a fraction of an electron volt to
several electron volts). The combined energy of these ions
hitting the same spot in quick succession drives a thermal
spike into the cathode surface at the point of impact (the base
of the column). Many of these thermal spikes possess suf-
ficient energy to cause local sputtering of the copper cathode,
and the multiple jets are visible as multiple sparks distributed
at random over the cathode surface. The sputtered copper
causes the green luminosity of the cathode wake. Then one of
the possible mechanisms causing the suppression and eventual
disappearance of the sparks and the green luminosity with in-
creasing B is the bending of the trajectories of the moderate
energy ions or ion clusters by the applied magnetic field. In
that case, the ions at the top of the collapsing column will
strike a different spot on the cathode from the ions at the
bottom of the column and will effectively smear out the
energy input to the surface so that the thermal spike is
attenuated. For example, if a 10~3-m-long column of mono-
energetic ions (of the order of 104 ions under the conditions of
the experiment) with a velocity of 3 X 103 m/sec (correspond-
ing to 2 ev or the drift velocity, which results when an electric
field of 150 v/m and a transverse magnetic field of 0.05
weber/m2 are acting on the ions) collapses in the presence of
a magnetic field of 0.05 weber/m2, it will spread out on the
surface of the cathode over a length of the order of Ax ~
(10~3)2/2rc m, where rc is the cyclotron radius given by rc =
4.18 X 10~7 (U/B) = 2.5 X 10~2 m, i.e., over Az = 2 X 10~5

m, or roughly over 104 atoms of copper. Note that under
these conditions the ions that are more than 5 X 10 ~2 m
away from the cathode can never even reach it without col-
lisions. Collisions, however, would tend to reduce their
energy amd make their impacts even less effective. This
computation is not meant to be quantitative; nevertheless, it
indicates a possible mechanism that could account for the
disappearance of the random sparks and the copper-green
wake. Note also that, if the sparks were the result of impacts
of single high energy ions on the cathode surface, the slight
deflection of their trajectories by the magnetic field would
have no effect on the frequency and intensity of the sparks.

Other possible explanations for these phenomena are that
1) the magnetic field causes the cathode spot(s) to move
rapidly on the cathode surface, thereby spreading out the
energy input and broadening the thermal spikes, and/or 2) the
magnetic field causes a decrease of the energy of the incident
ions.

As the magnetic field strength increases, the luminous re-
gion that is initially concentrated at the trailing edge of the
anode (region 3, Fig. Ib) spreads upstream on the top surface
and down the trailing side of the anode. The spreading of the

highly luminous sheath over the surface of the anode is asso-
ciated with the increased impedance of the plasma in the
direction of the applied electric field (perpendicular to the
applied magnetic field) which increases the cross-sectional
area of the discharge and the applied voltage (for constant
current). The increased applied voltage also contributes to
the spreading of the discharge upstream on the anode surface,
i.e., toward the accelerator inlet where the back emf UB is
small. This increase of the impedance across the electrode
gap enhances the tendency of the discharge to fringe outside
the gap and outside the region of influence of the applied
magnetic field.

The vertical deflection of the exhaust plume mentioned
previously which increases with increasing magnetic field is
produced by the interaction of the applied magnetic field with
the axial component of the electric current. The axial com-
ponent of the current, i.e., the current perpendicular to both
the applied magnetic field and the applied electric field, is a
Hall current that may be interpreted in terms of the tensor
conductivity of a plasma in the presence of a magnetic field.
The vertical deflection of the jet can be avoided by moving
the anode upstream of the cathode so as to provide an axial
component of electric field which suppresses the axial current.

The observations reported here were made visually and
photographically and therefore are descriptions of the in-
tensity of visible light radiated from various points in the
plasma flow. From the nature of the patterns described, it
seems reasonable to assume that the regions of high luminosity
correspond to those of high current density and the associated
high rate of ohmic heating. Experimental investigations to
determine the current distribution more precisely through the
use of spectroscopic, microwave, and induction-coil probing
techniques are currently in progress at the Northrop Plasma
Laboratories.
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A Class of Linear Magnetohydrodynamic
Flows

M. R. EL-SADEN*
North Carolina Stale College, Raleigh, N. C.

Introduction

THE continuity and momentum equations for the steady
laminar flow of a conducting fluid of constant properties,

that is, constant fluid density p, viscosity IJL, and electrical
conductivity cr, are

v-y = o (i)
p(F-V)F + VP = J X B + MV27 (2)

where V is the velocity vector, with components u, v, and w in
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